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The Higgs boson decay, H → µµ¯γ, is studied in the Standard Model at the tree and one-loop
levels. It is shown that for Higgs boson masses above 110 GeV, the contribution to the radiative
width from the one-loop level exceeds the contribution from the tree level, and for Higgs boson
masses above 140 GeV, it even exceeds the contribution from the tree level decay H → µµ¯. We also
show that the contributions to the radiative decay width from the interference terms between the
tree and one-loop diagrams are negligible.
PACS number(s): 13.85.Qk, 14.70.Hp, 14.80.Bn
I. INTRODUCTION
For intermediate mass Higgs (H) bosons, the decay
H → γγ is usually viewed as the discovery mode [1],
although decay modes such as H → Zγ and H → bb¯
are often considered. Here, motivated by recent stud-
ies of muon colliders [2], we examine Higgs decays into
muons accompanied by a photon. At muon colliders,
these decays will, at the very least, represent a radiative
correction to the measurement of the width Γ(H → µµ¯).
For certain values of the Higgs boson mass, mH , this
radiative process can be quite large due to one-loop cor-
rections. As shown in a previous study of the decays
H → f f¯γ [3], where f is a light fermion, the dominant
contributions come from the one-loop level when mf is
negligible. The one-loop decay channel calculation is re-
lated to that of the scattering process ee¯→ Hγ [4,5]. For
muons, the dominance of the one-loop calculation must
be reexamined.
Due to the relatively large mass of muon (mµ ≫ me),
the Higgs-boson-muon coupling is sufficiently large to
make the tree level contribution to the decay H → µµ¯γ
significant. Our calculations show that the tree level
amplitudes are dominated by the muon helicity non-
flip terms, while the dominant contributions to the one-
loop amplitudes come from the muon helicity flip terms.
Therefore, the contributions to the radiative decay width
from the interference terms between the tree and one-
loop diagrams turn out to be negligible.
In the next section, we present general discussion of
the kinematics of the Higgs boson decay width and muon
invariant-mass distribution for H → µµ¯γ, and the cuts
imposed on the µ, µ¯, and γ. Section III gives the tree
level amplitudes for the decay H → µµ¯γ and a summary
of the results for the one-loop calculation. Section IV
contains the combined contributions from the tree and
one-loop levels to the decay of the Higgs boson. This
is followed by a summary which includes a discussion of
possibility of using the decay H → µµ¯γ as a probe of the
Higgs boson coupling to the top quark.
II. HIGGS BOSON DECAY WIDTHS
The muon-invariant mass distribution dΓ/dmµµ¯ and
the width Γ for the decay H → µµ¯γ are given by
dΓ
dmµµ¯
=
1
128pi3
mµµ¯
m3H
∫ (m2
µγ
)max
(m2
µγ
)min
dm2µγ
∑
spin
|M|2 , (1)
Γ =
∫ (m2
µµ¯
)max
(m2
µµ¯
)min
dm2µµ¯
1
2mµµ¯
dΓ
dmµµ¯
, (2)
with the Lorentz-invariant amplitudeM specified in the
next section. The invariant masses mµµ¯ and mµγ are
related to the Mandelstam variables s, t, and u, by s =
m2µµ¯ = (pµ+pµ¯)
2, t = m2µγ = (pµ+pγ)
2, and u = m2µ¯γ =
(pµ¯ + pγ)
2. Here, pµ, pµ¯, and pγ are the 4-momenta for
the µ, µ¯, and γ, respectively. The limits on the dm2µγ
and dm2µµ¯ integrations, without imposing any cuts, are
(m2µγ)min = m
2
µ +
1
2 (m
2
H −m2µµ¯) (1− β) , (3)
(m2µγ)max = m
2
µ +
1
2 (m
2
H −m2µµ¯) (1 + β) , (4)
(m2µµ¯)min = 4m
2
µ , (5)
(m2µµ¯)max = m
2
H , (6)
with β =
√
1− 4m2µ/m2µµ¯. Because the full phase space
is not experimentally accessible, we impose the follow-
ing cuts: m2µµ¯ ≥ (m2µµ¯)cut, m2µγ ≥ (m2µγ)cut, m2µ¯γ ≥
(m2µ¯γ)cut, Eµ ≥ (Eµ)cut, Eµ¯ ≥ (Eµ¯)cut, and Eγ ≥
(Eγ)cut. Here, Eµ, Eµ¯, and Eγ are the muon, anti-muon,
and photon energies, respectively, in the center of mass
of the Higgs boson. For our present work, we restrict
these cuts to: (m2µµ¯)cut , (m
2
µγ)cut , (m
2
µ¯γ)cut ≫ 4m2µ, and
(Eµ)cut , (Eµ¯)cut , (Eγ)cut ≫ 2mµ.
With these cuts imposed, the limits on the dm2µγ and
dm2µµ¯ integrations in Eqs. (1) and (2) are modified to
1
(m2µγ)min = max[(m
2
µγ)cut , t1] , (7)
(m2µγ)max = min[t2 , t3] , (8)
(m2µµ¯)min = max[(m
2
µµ¯)cut , s1] , (9)
(m2µµ¯)max = min[s2 , s3] , (10)
where
t1 = 2mH(Eµ)cut −m2µµ¯ , (11)
t2 = m
2
H − 2mH(Eµ¯)cut , (12)
t3 = m
2
H −m2µµ¯ − (m2µ¯γ)cut , (13)
s1 = 2mH(Eµ)cut + 2mH(Eµ¯)cut −m2H , (14)
s2 = m
2
H − 2mH(Eγ)cut , (15)
s3 = m
2
H − (m2µγ)cut − (m2µ¯γ)cut . (16)
Notice that in order to implement and assign values to
these cuts, one needs to observe the following constraints
(m2µµ¯)cut + 2mH(Eγ)cut ≤ m2H , (17)
(m2µγ)cut + 2mH(Eµ¯)cut ≤ m2H , (18)
(m2µ¯γ)cut + 2mH(Eµ)cut ≤ m2H , (19)
(m2µµ¯)cut + (m
2
µγ)cut + (m
2
µ¯γ)cut ≤ m2H , (20)
(Eµ)cut + (Eµ¯)cut + (Eγ)cut ≤ mH , (21)
(m2µµ¯)cut , (m
2
µγ)cut , (m
2
µ¯γ)cut ≫ 4m2µ , (22)
(Eµ)cut , (Eµ¯)cut , (Eγ)cut ≫ 2mµ . (23)
In our present calculations for the decay width
Γ(H → µµ¯γ) and the µµ¯-invariant mass distribution
dΓ(H → µµ¯γ)/dmµµ¯, we choose the following set of cuts:
(Eµ)cut = (Eµ¯)cut = (Eγ)cut = 1GeV , (24)
(m2µµ¯)cut = (m
2
µγ)cut = (m
2
µ¯γ)cut = 25m
2
µ . (25)
These cuts facilitate the experimental tagging of µ, µ¯,
and γ. They provide minimum opening angles between
µ, µ¯, and γ, and also avoid the collinear and infrared
divergences. The cuts also help discriminate the non-
back-to-back µµ¯ pairs of the decay H → µµ¯γ from the
back-to-back µµ¯ pairs of the decayH → µµ¯. In principle,
all the muons and photons of the decays H → µµ¯γ, H →
µµ¯, and H → γγ can be identified.
III. INVARIANT AMPLITUDES
A. Tree Level Amplitudes
The leading order muon helicity non-flip amplitudes
for the decay H → µµ¯γ can be written as
Mtree
λλ¯λγ
= i
egmµ√
2tumW


+s , λλ¯λγ = −−+,
−s , λλ¯λγ = ++−,
+m2H , λλ¯λγ = +++,
−m2H , λλ¯λγ = −−−,
(26)
where λ = ±1/2, λ¯ = ±1/2, and λγ = ±1 are the helic-
ities of the µ, µ¯, and γ, respectively and we show only
the signs of the helicities in Eq. (26).
The leading order muon helicity flip amplitudes are
Mtree
λλ¯λγ
= i
egm2µ
√
s√
2mW
st+ su+ t2 + u2
(s+ t)(s+ u)
×


1/t , λλ¯λγ = −++,
1/t , λλ¯λγ = +−−,
1/u , λλ¯λγ = −+−,
1/u , λλ¯λγ = +−+.
(27)
In the Eqs. (26) and (27), we have kept only the leading
orders in mµ, since we are assuming s, t, u ≫ 4m2µ and
Eµ, Eµ¯, Eγ ≫ 2mµ. This is consistent with the cuts of
s, t, u ≥ 25m2µ and Eµ, Eµ¯, Eγ ≥ 1 GeV, that we impose
on the calculations of the decay width and the invariant
mass distribution.
It can be seen from the Eqs. (26) and (27) that the
helicity flip amplitudes have an extra factor of mµ.
This is an expected behavior. As discussed in the Ref.
[6], the leptonic-current factors in the amplitudes, are
proportional to linear combinations of u¯(pµ)v(pµ¯) and
u¯(pµ)σαβv(pµ¯). The muon helicity non-flip contributions
from these terms survive in the mµ → 0 limit, while the
corresponding muon helicity flip contributions are pro-
portional to mµ, and vanish in this limit. For the tree
level amplitudes, we may, therefore, neglect the contribu-
tion from the muon helicity flip amplitudes, and consider
only the contribution from the muon helicity non-flip am-
plitudes to the decay width and the invariant mass dis-
tribution.
B. One-Loop Results
Contributions of the one-loop amplitudes to the de-
cay H → µµ¯γ arise from the diagrams illustrated in the
Fig. 1. The explicit expressions for the amplitudes cor-
responding to these diagrams are given in the Ref. [3].
As discussed in the Ref. [6], the leptonic-current factors
in these amplitudes, are proportional to linear combina-
tions of u¯(pµ)γαv(pµ¯) and u¯(pµ)γαγ5v(pµ¯). The muon
helicity flip contributions from these terms survive in the
mµ → 0 limit, while the muon helicity non-flip contribu-
tions, which are proportional to mµ, do not. In this case,
we may neglect the contribution from the muon helicity
non-flip amplitudes, and consider only the contribution
from the muon helicity flip amplitudes to the decay width
and the invariant mass distribution.
The expression for
∑
spin |M|2, given by Eq. (8) of
the Ref. [3], together with Eq. (2), can be used to cal-
culate the one-loop contribution to Γ(H → µµ¯γ). The
results are illustrated in the Fig. 2. In this figure, contri-
butions to the width from the triangle and box diagrams
of Fig. 1 are shown separately. The combined contribu-
tions from the Z and photon poles in the Fig. 1(a) con-
2
stitute almost the entire contribution of all diagrams in
the Fig. 1. Notice that for Higgs boson masses not too
much above 100 GeV, the photon pole makes substantial
contribution. Therefore, the simple estimate of the decay
width Γ(H → µµ¯γ), obtained by multiplying the width
Γ(H → Zγ) by the branching ratio B(Z → µµ¯), will
receive large correction due to the photon pole diagram.
However, for the mH >∼ 130 GeV, it is the Z pole that
gives most of the contribution.
IV. TREE AND LOOP CONTRIBUTIONS
When combining the tree and one-loop contributions
to obtain the muon helicity flip and non-flip amplitudes,
we can ignore the tree-one-loop interference terms be-
cause of the suppression discussed in the previous sec-
tion. Consequently, the combined contributions from
the tree and one-loop amplitudes to the squared spin-
summed amplitude, in the Eq. (1),
∑
spin
|M|2 =
∑
spin
|Mtree
λλ¯λγ
+Mloop
λλ¯λγ
|2 , (28)
can be simplified to
∑
spin
|M|2 =
∑
spin
|Mtree
λλ¯λγ
|2 +
∑
spin
|Mloop
λλ¯λγ
|2 , (29)
where
∑
spin
|Mtree
λλ¯λγ
|2 = |Mtree
−−+|2 + |Mtree++−|2
+|Mtree+++|2 + |Mtree−−−|2 , (30)
∑
spin
|Mloop
λλ¯λγ
|2 = |Mloop
−++|2 + |Mloop+−−|2
+|Mloop+−+|2 + |Mloop−+−|2 . (31)
Using Eq. (29), we may write the following relations for
the µµ¯-invariant mass distributions and the decay widths
dΓ
dmµµ¯
=
dΓtree
dmµµ¯
+
dΓloop
dmµµ¯
, (32)
Γ = Γtree + Γloop . (33)
In Fig. 3, we show µµ¯-invariant mass distributions for
the decay H → µµ¯γ. This figure illustrates the tree and
one-loop contributions to the invariant mass distributions
dΓtree/dmµµ¯ and dΓ
loop/dmµµ¯, respectively. The com-
plete distribution, dΓ/dmµµ¯, according to the Eq. (32), is
simply the sum of these two contributions. Fig. 4, shows
the tree and one-loop contributions, Γtree and Γloop, as
well as their sum, Γ. For comparison, the widths of the
tree level decay H → µµ¯ the decay H → γγ are included.
V. SUMMARY
We have shown that, for mH <∼ 130 GeV, the con-
tributions from the tree and loop levels to the decay
H → µµ¯γ are comparable. It is, therefore, necessary
to include both contributions to the µµ¯-invariant mass
distribution and the decay width. In this mass region, as
elsewhere, the interference terms between the tree and
loop amplitudes are small compared to the squared am-
plitude of either one, and the total decay width is simply
the sum of the decay widths from the tree and one-loop
contributions, Γ = Γtree + Γloop. When mH >∼ 130 GeV,
the one-loop contribution dominates, and, for mH larger
than 140 GeV, it exceeds the tree level contribution to
H → µµ¯.
Finally, the presence of the top quark loop in some of
the diagrams in the Fig. 1(a) offers an opportunity to use
the decay H → µµ¯γ as a possible probe of the Higgs
boson coupling to the top quark. In Fig. 5, we show the
decay width for H → µµ¯γ that arises from the com-
plete set of diagrams in Fig. 1 after modifying the Htt¯
coupling. Modification has been achieved by multiplying
the Standard Model Htt¯ coupling by a factor λ [7].
As it can be seen from the Fig. 5, the higher the Higgs
boson mass is, the more difficult it is to distinguish the
Standard Model coupling for Htt¯, λ = 1, from the case of
no coupling between the Higgs boson and the top quark,
λ = 0. Generally, a measured value of the decay width Γ
corresponds to two different values of λ. Therefore, the
determination of λ will not be unique. However, it can
be used as an indication of a deviation from the Standard
Model.
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FIG. 1. The diagrams for the decay mode H → µµ¯γ at the
loop level are shown.
FIG. 2. The decay width, at the loop level, for the decay
mode H → µµ¯γ is shown. The solid line is the full loop cal-
culation, the dot-dashed line is the photon pole contribution,
the dotted line is the Z pole contribution, and the dashed line
is sum of the photon and Z pole contributions.
FIG. 3. The µµ¯-invariant mass distribution of the decay
H → µµ¯γ, for Higgs boson masses of 100 GeV, 120 GeV,
140 GeV, and 160 GeV is shown. The dotted lines are for
the loop contribution and dashed lines are for the tree level
contribution. The combined contribution is simply the sum
of the tree and the loop contributions.
FIG. 4. The decay width for several decay modes of the
Higgs boson is shown. The dashed line is the width for the
decay H → µµ¯γ at tree level, the dot-dashed line is the width
at the one-loop level, the solid line is the total width (the sum
of the dashed and dot-dashed lines), the dot-dot-dashed line
is Γ(H → µµ¯) at tree level, and the dotted line is Γ(H → γγ).
FIG. 5. The decay width Γ(H → µµ¯γ), at the loop level, as
a function of the Htt¯ coupling (in multiples λ of the Standard
Model coupling), for several values of Higgs boson mass is
shown. The solid line is mH = 100 GeV, the dashed line is
mH = 120 GeV, the dot-dashed line is mH = 140 GeV, and
the dotted line is mH = 160 GeV.
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